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We consider the time-dependent bi-coherent states that are essentially the Gazeau-Klauder co¬ 
herent states for the two dimensional noncommutative harmonic oscillator. Starting from some q- 
deformations of the oscillator algebra for which the entire deformed Fock space can be constructed 
explicitly, we define the q-deformed bi-coherent states. We verify the generalized Heisenberg’s un¬ 
certainty relations projected onto these states. For the initial value in time the states are shown 
to satisfy a generalized version of Heisenberg’s uncertainty relations. For the initial value in time 
and for the parameter of noncommutativity 6^ = 0, the inequalities are saturated for the simulta¬ 
neous measurement of the position-momentum observables. When the time evolves the uncertainty 
products are different from their values at the initial time and do not always respect the generalized 
uncertainty relations. 
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I. INTRODUCTION 


Quantum harmonic oscillator is one of the potential tools that one needs to handle the quantum world. 
In standard quantum mechanics, it can be described in terms of the creation and annihilation operators 
which obey a commutation relation aa^ — a = 1. The q- deformations of this algebra were introduced 
independently by Biedenharn [l[ and Macfarlane Later several definitions and investigations of q- 
oscillators appeared in the literature, i,i, i, a,a, a,a,[i3- The algebras satisfied by the canonical 
variables resulting from q-deformed oscillator algebras have been shown to be related to noncommutative 
spacetime structures leading to minimal lengjths and minimal momenta as a result of a generalized version of 
Heisenberg’uncertainty relations [ni,[ii,[ii, di. The existence of explicit states satisfying these relations 
and their construction have been investigated in [l^. Using the Gazeau-Klauder coherent states jl^, they 
have shown for a noncommutative harmonic oscillator to first order perturbation theory in the deformation 
parameter that these states not only satisfy the generalized uncertainty relations, but even saturate them 
at all times. An extension of this analysis is the study of time-dependent q-deformed coherent states for 
generalized uncertainty relations da in which the properties of generalized time-dependent q-deformed 
coherent states for a noncommutative harmonic oscillator have been investigated. The states are shown to 
satisfy a generalized version of the Heisenberg’s uncertainty relations and the inequalities are saturated for 
the initial value in time. 


The aim of this paper is to extend the analysis in [13] to higher dimension. In order to do that we revisit 
the formulation and interpretation of noncommutative quantum mechanics [T^ - where the formalism has 
been applied successfully to the case of two dimensional harmonic oscillator that is described by creation 
and annihilation operators ai,a|, i = 1 


,2 obeying the commutation relation 0 ^ 0 ^ — Ujul = S. 




hJ 


= 1 , 2 . 


Those operators have been useful in constructing displacement operators and gaussian states in the study the 
classical limits of quantum mechanics on a non-commutative configuration space d3 ■ In this manuscript we 
q-deform the algebra that they obey and we obtain a two dimensional q-deformed oscillator algebra and then 
we define the corresponding q-deformed version of the Fock space from which the q-deformed bi-coherent 
states are constructed. By bi-coherent states, we refer to the ones dehned by S^. Ali and F. Bagarello 
which can be considered as multidimensional Gazeau-Klauder coherent states 


21 |. 


Our manuscript is organized as follow: in section dill) we revisit the two dimensional harmonic oscillator 
studied in [I^. In section m we define the q-deformed Bi-coherent states. The generalized uncertainties 
are discussed in m and concluding remarks are given in (fVT) . 



II. THE HARMONIC OSCILLATOR IN NONCOMMUTATIVE CONFIGURATION SPACE 

REVISITED 
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We shortly review the formalism of noncommutative quantum mechanics, more details being available in 
[l^ . We consider two dimensional noncommutative configuration space, where the coordinates satisfy the 
commutation relation 


[xi,Xj] = iOctj, ( 1 ) 

with 0 a real positive parameter and the completely antisymmetric tensor with ei ^2 = 1- Since, the 
operators 




( 2 ) 


satisfy the commutation relations [b,b^] = 1, one can introduce a Fock-like vacuum vector |0) such that 
&|0) =0 and construct a non-commutative configuration space isomorphic to the boson Fock space 


-He = span{|n) = -={b'^Y\Q)}l^ 


— OO 
0 5 


(3) 


where the span is taken over the field of complex numbers. 

A proper Hilbert space over such non-commutative configuration space is the Hilbert-Schmidt Banach 
algebra 'Hq of bounded operators tj;{xi,X 2 ) & B(%c) on 'He such that 

trc(^/’(ii,X2)V(^ii*2)) <00. (4) 

The ti'c denotes the trace over non-commutative configuration space and B{Hc) the set of bounded operators 
on He- This space has a natural inner product and norm 

{(l){xi,X2),i>{Xi,X2)) = trc((/)(fl,X2)V(^l,*2))- (5) 

Next we introduce the non-commutative Heisenberg algebra 




= ihSi . 


X,,, A, 




P P 

1.1 J- 1 


= 0 , 


( 6 ) 


where a unitary representation in terms of the operators Xi and Pi acting on the quantum Hilbert space Hq 
with the inner product @ is 


X^'4}{Xi,X 2) = Xiil{xi,X2), P^i>{Xl,X2) = -tij [Xi, ^'(^ 1 ,^ 2 )] • 

U 


(7) 


In the above representation, the position acts by left multiplication and the momentum adjointly. Let’s 
consider the Hamiltonian of the two-dimensional non-commutative harmonic oscillator 





( 8 ) 


where the operators A^, f = 1,2 are acting on the quantum Hilbert space o and satisfy the commutation 
relations ©■ 
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One can associate to the position and momentum operators, the operators Ai, Aj i = 1,2 

Ai= ^ 

Al = 

A 2 = 


4 = 


1 

7^1 
1 

7^ V ^ 

1 


-^4-iPi-i^4 + P2^ ; 

(9) 

-4x,+^P,+i4x^ + P^'^ ; 

(10) 

^Xi + iPi - i^X2 + a) ; 

(11) 

y- zA + ^2 + a) , 

(12) 


where 


Ai = i {muj\/ih? + m'^uj'^9'^ + ; Ki = Ai ^4 + : 

A 2 = ^ ^muj\/Ah? + rn?uj‘^9‘^ — m^uj‘^9^ ; ^2 = A 2 ^4 — ■ 


They satisfy the algebra 


and the equation 


admit a normalized solution 


Ai, A^j 


= 4 


Ai, Aj 


= 0, i,j = 0,1, 


^iV'oo = 0, i = 1,2; ipoo = \0,0). 


tpoo{xi,X2) = Af’' exp{^{xi,X2)), 


(13) 

(14) 

(15) 

(16) 

(17) 


with Af ^ = 4r- (1 - and a = ln(l - -^X-) = - ln(l + ■^X+). 

The operators Ai,Al,i = 1,2 can then be interpreted as creation- annihilation operators. The model can 
be described by 


^ + 1 ), 

where the creation and annihilation operators Ai,Al,i = 1,2 span the Fock space as follows 


(18) 


Alim, 712 ) 
42|ni,n2) 


ni|ni - 1 , 712 ); 
772|77i,772 “ 1); 


A||77i,n2) = Vni -I- l|ni -I- 1 , 712 ); 
^J|ni,n2) = v^n7+T|ni,n2 -I- 1), 


(19) 

( 20 ) 


such that 


(^t)ni(^t)n2 

Aj24i|77i,772) = 77 i|77i, 772); 4^42 |ni, 712 ) = 772 |ni, 712 ); |77i,772) = - 4 , / - t/iqO, (21) 

y'ni\n2\ 


and 


i7|77i,n2) = ( ^(2?^l + 1) + ^(2^2 + 1) ) 1771,772). 


( 22 ) 
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III. Q-DEFORMED BI-COHERENT STATES 


Let us first shortly recall the Gazeau-Klauder scheme [l^. It is a method for constructing a real two- 
parameter set of coherent states {|J, 7 )}, J > 0, and —00 < 7 < -|-oo, associated to physical Hamiltonians 
H which have discrete non-degenerate spectra. The states have to satisfy the following properties: 

1. Continuity: the mapping (J, 7 ) —>■ |J, 7 ) is continuous in some appropriate topology. 

2. Resolution of unity : 1 = / | J, 7 )(J, 7 |(i/r(J, 7 ). 

3. Temporal stability: J, 7 ) = | J, 7 -I- ujt), oj = constant. 

4. Action identity: (J, 7 |iL| J, 7 ) = wJ. 

The construction of those states works if H has no degenerate eigenstates and, furthermore, if the lowest 
eigenvalue is exactly zero. 

Let’s consider a Hamiltonian H with a discrete spectrum which is bounded below and adjusted so that 
iL > 0, we assume in addition that the eigenstates are non-degenerate. The eigenstates \n) are orthonormal 
vectors satisfying 


H\n) = En\n), n > 0, 0 = Eq < Ei < E2 < ■ ■ ■ , (23) 

where we set the eigenvalues En = uj€„(= hu!en),u} > 0 and fixed, with 0 = cq < ei < £2 < • • • being a 
sequence of dimensionless real numbers. 


The Gazeau-Klauder coherent states are defined as follows 


^ Tn/2 -i 7 e„ 

ij,7) 


A;=0 




(24) 


where J > 0 and 7 G R. The numbers /?„ are positive and are fixed by the requirement of the action identity 
to be pn = £162 ... £n- The normalization factor A/'(J), which turns out to be only dependent on J, is chosen 
so that 


+00 jn +00 

— = 1, then J\f{J) = '^ — . 


(25) 


n—0 


n—0 


The domain of allowed J, 0 < J < R, is determined by the radius of convergence R in the series defining 
A/'(J). In the case of the harmonic oscillator, the equation (l24ll is 


^ Tn/2„—m7 

|J, 7 ) := — \n), 

k=o 


and setting z = \fje one finds the usual canonical coherent states 

rt=0 


(26) 


(27) 


also called the Glauber-Klauder-Sudarshan (GKS) states. 


The multidimensional gene ralized coherent states have been presented for systems with several degrees of 
freedom [2l| and also in where the bi-coherent states have been defined. The later approach inspires 
us in construction bi-coherent states for two dimensional noncommutative harmonic oscillator. Since for 
the construction of the Gazeau-Klauder coherent states the eigenstates of the Hamiltonian should be non¬ 
degenerate and the lowest eigenvalue exactly zero, we consider the following operator 

H = H- ((Ai + A2)/2 to) = —AjAi + —A^A2. 


(28) 
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The Hamiltonian H and H have exactly the same dynamical content since they obey the same commutations 
relations with all the observables of the system. In addition 


H\ni,n2) = (—ni + —n2)|?T-i, ?t-2) 
m m 


(29) 


is such that the lowest eigenvalues of H is zero while having common eigenvectors |ui,n 2 ) with the Hamil¬ 
tonian H. Next, we construct the bi-coherent states for the Hamiltonian H as follows 




J 2 ) 


00 

E' 

ni ,712 


J^2 gl(7l?^l+72n2) 


|ni,n 2 ), 


(30) 


where Ji G IR-i-, 7 i G K., i = 1,2 and Af{Ji, J 2 ) is the normalization factor. As in the bi-coherent states 
have been shown in to be normalized to unity, to satisfy; the resolution of the identity, the temporal stability 
condition and the action identity. In the present case of Hamiltonian, the later stand as 


-*^Vi,7i;^2,72) 


A, 


We q-deform the algebra flTl) by defining a new set of creation and annihilation operators Ai, A\, i = 1,2 
satisfying 


A,A]-{{q^-1)5 ,j + 1)A]A,=5,j, 0<g<l; [i„ i,] = 0 (z ^ j), (32) 

The expression (1321) is the two-dimensional q-deformed oscillator algebra for the creation and annihilation 
operators Ai, A\,i = 1,2, this deformation has minor different in the conventions with the ones defined in 
mM, i,i- The corresponding Hamiltonian 

H = —ijii -h —AIA 2 . (33) 

m m 

Next, we define the g-deformed analog of the Fock space involving g-deformed integer [n]q as 


\ni,n2)q 


\/[ni\q\[n2]q\ 


| 0 , 0 ), 


(34) 


where 

1 - 

A,|0,0)=0, (0,0|0,0) = 1, 1 = 1,2. (35) 

It follows that the operators A| and Ai, i = 1,2 act indeed as raising and lowering operators, respectively. 


A\\ni,n2)q = yj[ni + l]q\ni + 1,712),; 

Al\ni,n2)q = yj[n2 + 1]9 |ni,n2 + 1 ) 9 , 

(36) 

Alim, 712)9 = V [^l ]9 1^1 “ ^,n 2 )q-, 

A 2 | 7 ri, 712)9 = V N ]9 \ni,n2 - 1 ), . 

(37) 


Using these states, we present the q-deformed bi-coherent states for the Hamiltonian Hg as follows 

ni 712 

1 exp-i{'ji[ni]q + -f2[n2]q). 


7 i, 71; J2, 72)9 — 


y/ Ag( Ji, J2) 


E 

ni,n2—0 


V\r^U\n^- 


\ni,n2)q, 


(38) 


where 


Eq{Jl, J 2 ) 


E 

'ni ,712=0 


t71i jn2 
^2 


[ni]q\[n2]q'. 


J 2 ); 0 < Ji < - -^ 

1 — 


i = 1 , 2 . 


(39) 
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IV. GENERALIZED HEISENBERG’S UNCERTAINTY RELATIONS 


In order to verify the uncertainty relations, we need first to set the canonical variables corresponding to 
the algebra (15^ . It is convenient to use the following setting 


^2,q + P2,q 


( n * h ( ft ^ ^ * 

iA,, - * + A.,) ; 4 = ^ ’ 


^2 = 


1 / A 2 


(40) 


V 

where Xi^q, Pi^q, i = 1,2 are the corresponding canonical variables. Inverting the equations in (1401) . we have 


X2,q = 


Pl,,= 


P2,q = 




t\ h^/K^ 

(a + ^ 2 ); 

(41) 

2(Ai + A 2 ) 

\J±l -h 

2(Ai + A 2 ) 

ih^/Ki 

( 4i A 

A ih^/K^ 

(A - 4) ; 

(42) 

2(Ai + A 2 ) 

1 211 ^ 

2(Ai + A 2 ) 

iX2\/ Ki 
2(Ai + A 2 ) 

(A-A 

f\ iXiy/K2 

V 2(Ai + A 2 ) 

to 

1 

(43) 

\2\/Ki 

+ A\ 

f\ AiA^ 

^^2 + ^ 2 ^ , 

(44) 

2(Ai + A 2 ) 

/ 2(Ai + A 2 ) 


and they satisfy the deformed canonical commutation relations 

ih^ 


Xl^q, X 2 ,q =ie+{l-q^) 


Ai,5 , A,9 =ih-{l-q^) 


2 (Ai+A 2)2 

ih 


^ (K 2 AIA 2 - Aiijii) ; 


A2,g, P2,q 


= ih — {1 — q^) 


2{Xi + \2? 
ih 

2(Ai+A2)2 


^ ^AiA2dL22i2 + A2AriAjAi^ ; 
^ ^AiA 2 A 2 A 2 + A 2 AriAjAi^ ; 


(45) 

(46) 

(47) 


-Pi,9) P2,q 

^l,qi A,(J 


= *(l-a 


2(Ai + A2)2 


A^A2A2^2 ~ A^AiAJA] 


1 > 


= 0 ; 

A2,g, Pl,q = 0. 


(48) 

(49) 

(50) 


Next we use the expressions in equation dlH]) and evaluate 


K^A\A,= {^'^ Xlq + 
2 


Xl q + AA + Plq - 


2Al 




2Ai 


l,q^2,q 


X2,qPl,q 


+1 [Xi,„l 2 .,] + z^[Ai.„ A.,] + ^y[A 2 .„ A,,] + ^[A. 9 , A.,]; 


(51) 






























2 


k^aU^ = i y 


2 A 2 


2 A 2 


— I 


K, + if + Pi, + Pi, + - ^^ 2 .,Pl. 


l-^l.,q, -^2,q] ^ [^l, 9 iPl,g] ^ ["^ 2 ,ij 7 -P 2 ,(}] i[Pl,q, P2,q]- 
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( 52 ) 


Substituting (UTl) and (15^ into the right-hand side of (H5]) - (H51) we obtain four equations for the four un¬ 
known commutators X 2 ,g], [Xi^q,Pi^q\, [X 2 ^q,P 2 ,q], [Pi,q,P 2 ,q\- Solving theso equatious, we obtaiu the 
following noncommutative relations: 


-^1,^7 A^2,q 


2ie 
1 + 


A-q^ 


A 2 - Ai ^2 

^l,q ' 


^2 - Ai -2 

Ai + A 2 


-k 2h 


l + q'^ + "*^2 

((Ai -I- A2)^ — (1 — 9 ^)(Ai -|- A 2 — 1)AiA2) 


(Ai -I- A2)‘^ 


i^l,qP2.q — ^2.qPl,q^ 


( 53 ) 


-^ 1,97 Pl,q 


2ih 
l + q^ 


A 1 A 2 

Ai -f A2 


-X 


1,9 ' 


•^ 1^2 ^2 


Ai -l- A 2 


- 2 


.1-g" 

2h 


Ai -l- A 2 Ai -l- A 2 

(1 — 9^)(Ai — A2)(Ai -I- A 2 — 1)AiA2 


2ft 


-P. 


2,9 


(Ai -I- A2)"‘ 


^X\qP2^q — X2^qP\^q) 


( 54 ) 


A^2,q, P2,q 


2ih 
1 + q^ 


A1A2 ^2 , ^ 1^2 ^2 

■^ 1,0 + - . 


Ai -f A 2 


Ai -l- A 2 


2.9 


- 2 


A-q^ 

A + 

2ft 


Ai -l- A 2 Ai -l- A 2 

(1 — 9^)(Ai — A2)(Ai -I- A 2 — 1)AiA2 


-P 


2ft 


-P 


2,9 


(Ai -I- A2)‘^ 


{XlqP2_q — X2^qP\^q') 


( 55 ) 


P,9.P 


2.9 


_ A — q^ ( {h — l){Xi — A2)Ai A 2 ^2 , “ A2)AiA2 ^2 

— I- -:r 1 - . n .. -:—^- ^1 „ H- . „ ,. -:—:- 


1 + q^ 
2 (Ai — A2) 
Ai -f A2 


^ 2 (Ai+A 2 ) 


rf{Xi + \2) 


2.9 


p2 I 2 (Ai - A2) p2 
P ,9 \ \ ^2,q 


Ai -l- A 2 


+ A 1 A 2 


2(Ai -I- A2)^ — (1 -I- (7 ^)(Ai -I- A 2 — l)(Ai -I- A2)^ 


ft(Ai -|- A2)‘^ 

2(1 — g^)(Ai -|- A 2 — 1)(A2 -|- A 2 — A 1 A 2 )) 


h{\i + A2)4 


(-^l,9p,9 - -^2,9p.9) 


(56) 


The commutators 
equations (IH) and 


^ 2 ,q, P ,9 and Xi ,97 p 2,9 remain zero. At the limit g —>■ 1 , we recover the algebras in 
(nsi). Note that if ft = 0 we have Ai = A 2 = hmu and Ki = K 2 = Ahmoj. 


The commutation relations in equations (l5Hll . (IMll . (l5lll and (11^ are dynamical since they are expressed in 
terms of the dynamical variables that are Xi^q, X 2 ^q, Pi ,97 P 2 ,q, by dynamical variables we mean observables. 
This is a consequence of the q-deformation since at the limit ft —>■ 0, they remain dynamical. The generalized 
Heisenberg uncertainty relation for a simultaneous measurement of two observables Oi and O 2 7 where 
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0 i ,02 £ {Xi^g^Pi^q, i = 1,2}, projected onto the normalized coherent states | Ji, 71; J2,72)9 defined in 
equation ((HRll 


AOiAC>2||Ji,t,i;J 2,72)5 > 2^ >^2,721 [Ol,C>2] \ J2,l2)q) |, (57) 

where the uncertainty for O, O £ {Xi^g, Pi^g, i = 1,2} is computed as 

AO^ = q{Jl,Jl] J2,72|C>^|dl,7i; J2,l2)q — <72,72101^1,71; J2,72)<J')^ • (58) 

We start by evaluating the left-hand side of equations (1571) . where the details of the calculations are given 
in the Appendix in section IVTl 


AAj_qAA|_g — xi(Ji, J2; 7i) 72) X2{Ji, J2] 7ii 72); (59) 

^Xl gAPlg = Xi(Ji, J2;7 i, 72 ) ki(< 7 i, .72,71,72); (60) 

^^Iq^Plq = X^(.7i, J2,7 i, 72) ^2 (<7i, J2; 7i, 72); (61) 

^Pi,q^P2,q = ^i('7i, .7i; 71,72) K2(<7 i, <72; 7i, 72), (62) 


where 

Xi(<7i, <72171,72) := AAj ^ ^^^2 (7 + (1 + 9^)'7 i + 0,(71) - 0^(71)) 

+ ^^^2 (1 + (7 + 9^)'72 + 0 ,( 72 ) - 0 ^( 72 )) 

+ 2 { X^Y (-0^(71,72) - 0-(7 i, 72) +Oe(7i)Oe(72)) ; (63) 

X2(<7 i, <72; 71,72) AA|, = ^^^2 (1 + (1 + 9^)'7 i — 0,(71) -I- Os(7i)) 

+ _|_ ^2^2 (7 + (7 + '3'^)'72 - 0,(72) -I- 0^(72)) 

+ 2 {\ i + X -^ (-0+(7 i, 72 ) -I- O^ (71,72) + Os( 7 i)Gs( 72)) ; (64) 


«:i(< 7 i, <72;7 i, 72) := AP^^^ = j^^^2 (7 + (7 + 9 ^)< 7 i - 0,(71) -I- 0^(71)) 

+ ^^^2 (7 + (7 + q^)J 2 - 0,(72) + 0^(72)) 

+ (O^(71,72)-0;:(71,72)-Os(71)0^(72)); (65) 


K2(.7i, J2; 71,72) := ^P 2 ,q = ^^^2 (7 + (7 + 9^)</i + 0,(71) - 0^(71)) 

+ ^^^2 (7 + (7 + 9^)«72 + 0,(72) - 0^(72)) 

+ 2^(Ai"+ ( 0 )!’( 7 i, 72 ) + Og (71,72) - Oc( 7 i)Oc( 72 )) • 


( 66 ) 
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Using the commutation relations (H51) . (HSl) . (HTl) . (H51) and the equations (IMl) and (pi)) in the Appendix 
(see in EH), we evaluate the the corresponding expressions in the right-hand side of equation dSB as follows 


2 I J2,l2\ 

2 I (9('^1)7i; >^2,721 
2 I (9('^1;7i; >^2,721 


^ - 1 \ 
Al,5,A2,g | 7 i, 7 i; >^ 2 , 72 )<jj I = 

|>/l, 7 i; >^2,72)9) I = 
J 2 ,l 2 )q^ I = 


^2,q^ P2,q 


4(Ai + A2)2 
h 

4(Ai+A2)2 

h 


2 I (9('^1’7i; >^2,72| A,g,A, 


4(Ai+A2)2 
1 


\K^ (1 - (1 - q^)J^) _ (1 - (1 - A)J2) I; 

(67) 

|A2ifi (1 - (1 - g") Ji)+AiK 2 (1 - (1 - g') J2) 

( 68 ) 

lAsifi (1 - (1 - q^)Ji)+\iK2 (1 - (1 - g^)J2) 

(69) 


|-fi,7i; >^ 2 , 72 ) 9 j I - |A 2 Ari(l - ( 1 -g^) Ji) - X\K 2 { 1 - (1 -g^) J 2 )|. 

(70) 

A first remark is that the right hand side of the generalized Heisenberg’s inequality (Ell), that are re¬ 
spectively the equations are constant value independent of 7 i, i = 1,2. So noting the 

following limits lim^j_j.o Gc(7i) = 2V)7i, hm.yj_^o Gs( 7 i) = 0, lim.y^^.o G 5 ( 7 i) = 2J i, lim^^^o Gc( 72 ) = 21 /J 2 , 

lim.y 2 ^o Gs( 72 ) = 0 , lim^ 3 ^oGg( 72 ) = 2 J 2 and lim.y^^.o.-y 2 ^o G+( 7 i, 72 ) = 2yJJ 1 J 2 , lim.yj_^o.72^-o G+( 7 i, 72 ) = 

0 , hm-^j_>o, 72 -s-o G“( 7 i, 72 ) = 2y/J 1 J 2 , lim 7 j_>o_ 72 _>o Gj( 7 i, 72 ) = 0 , we see that when 71 = 72 = 0 , the 
equations ®,® ®, ® are respectively the following 






" 4(Ai+A2)2 


X 


4(Ai -I- A2)^ 


(i^i(l - (1 - g2)Ji) + 7^2(1 - (1 - g') J 2 )) 
(ifi(l - (1 - g2)Ji) + 7^2(1 - (1 - g') J 2 )); 


(71) 


AA 2 AP 2 = 


(iATTaA^) 


(72) 


^XlgAPlg ^ 


(iATTaA^) 

(1 - (1 - (1 - (1 - < i ^ M ); 


(73) 


aAAaAA = 


1 


4(Ai + A2)2 

1 
X 


4(Ai -I- A2)^ 


(Alifi(l - (1 - g2)Ji) + A?if 2 (l - (1 - g") J 2 )) 
(A^ifi(l - (1 - g2)Ji) + A?if 2 (l - (1 - g") J 2 )) . 


(74) 


Let us analyse these results. For yj = 0,1 = 1,2, the inequality (1571) is always respected. When in addition 
the parameter of noncommutativity 0 = 0 , where Ai = A 2 = hmuj and Ki = K 2 = Ahmuj, the expressions 
and become respectively the square of the expressions (l68l) and ® such that the inequality is 
saturated for a simultaneous measurement of the position -momentum observables. Let us discuss now the 
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general case where 71 7 ^ 0 and 72 7 ^ 0. In that case, comparing respectively the equations (1591 - 15^ and 
(I67II70I1 . we require some conditions, that are the expressions (I117L (I118|l . (111911 and (11201) in the Appendix, 
in order for the inequality 113 to be satisfied. Reducing the inequalities (I117mi8|) we require the conditions: 
AJi - >0, i = 1,2 and 2 G+( 7 i, 72 ) - (Gc( 7 i)Gc( 72 ) + Gs( 7 i)Gs( 72 )) > 0. Assuming that 

A 1 A 2 — 1 > 0 that means — 1 > 0 and noting the range of the functions Gc( 7 i), Gs( 7 i), i = 1 , 2 ; 

and G+( 7 i, 72 ) are respectively — 2 i/A < Gc{"ii) < 2^/Ji, — 2 ii/A < Gsi'ji) < i = 1,2 and 

—2\fJiJ2 < G+( 7 i, 72 ) < 2i/Ji J 2 , the uncertainty relations (l57ll are not always satisfied. 


V. CONCLUSION 


The analysis in [I3 has been extended to the case of the two dimensional non-commutative harmonic 
oscillator where we constructed time dependent q-deformed bi-coherent states. Since q-deformed oscillator 
algebras have been shown to be related to noncommutative space-time structures, the presence of 9 may be 
considered unnecessary. As we have shown, for 7 ^ = 0, z = 1,2 and setting 0 = 0 occurs the saturation of 
the inequality for a simultaneous measurement of the position and momentum observables and that is not 
valid in the presence of the parameter of noncommutativity 9. For the general case, where 7 ^ 7 ^ 0, z = 1, 2, 
we found that the generalized uncertainty relations (j57p are not always respected. That is not the case in 
m. An extension of this work would be to study the revival time structures, it may also occur minimal 
lengths and minimal momenta from the commutation relations (El-ESl) to be computed. The fermionic 
coherent states have been recently discussed in and previously the q-deformed fermions have also been 
studied . An interesting extension of this work would be to consider q-deformed fermionic operators 

for coherent states and compare with the bosonic case. 


VI. APPENDIX: DETAILS OE CALCULATIONS OF THE EQUATIONS IN SECTION (HVll 


Let’s compute the square of the canonical operators since they appears in the calculations of the uncer¬ 
tainties 


-2 ^ » zvi 

4(Ai+A2)2 

2(Ai+A2)2 


(^AiAi + AiAl + aIAi + A| - 
(^AiA 2 + AiAl + AIA2 + A\Al^ ■ 


h^K2 


4(Ai -I- A2)^ 


(^^2^2 -f A 2 AI + AIA 2 + AlAl'j 


(75) 


~2 

4(Ai+A2)2 


2(Ai+A2)2 


(iii2 - AiAl - A\A2 + ; 


h^K2 


4(Ai + A2)' 


(i2i2 - 4i2 - A 2 AI + ipj) 


(76) 


~2 AjK, 

4(Ai+A2)2 


A?A 2 


-f 


(yl.yl, - AlAt - AiAl + AlAl) - ^ 

^I^^(^A,A,.a,AI-aImaaIaI), 


( 12^2 - AIA 2 - + 44) 


2 (Ai+A 2)2 


(77) 
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Pt.= 


XlKi 


XIK 2 


4(Ai+A2)2 
\l\2\/ K 1 K 2 
2(Ai+A2)2 


+ 


(ilil + ilil + ijii + 44) + ^ 

(^ii4 + AiAl + 44 + 4- 


(^44 + 44 + 44 + 44) 


2 ■ 


(78) 


In order to verify the inequality (157)) for the states (I38L we compute first the expectation values for the 
creation and annihilation operators Ai, Al,i = 1,2 


'/Ji 


q{Jl,ll] J2, 72 |^l|>/li 71; > 72 ,72)9 — 77-77- 7 t 4 (' 7 i, J2, —71); 


3 (>7 i,71; >72 ,72|4 |./i,71; >72,72)9 = 


Eq{Jl,J2) 

•\/4 

Eq{Jl, J2) 
y/Jl 


Fq{Jl, J2, —72); 


3 (> 7 i, 71; > 72 , 72|4|>7i, 71; > 72 , 72)9 — TP / 7 4 \ Eq{Jl, . 72 , 71); 


3(>7 i ,7 i ; >72,72|4|>7 i ,7 i ; >72,72)9 — 


Eq{Jl, J2) 

•\/4 


Eq{JuJ2) " 


where we introduced the function 


Fq{Jl,J 2 ,ll) ^ 


jni jn2 


77-1 ,7l2=0 


[ni]9!4]9! 


; Fq{Ji,J2,j2) ■— ^ 


Fq{Jl, J2, 72) 


772 ^7729^^^^^^^ 


771,772=0 




(79) 

(80) 
(81) 
(82) 

(83) 


In order to compute the expectation values for Of, O G {4, Pi, * = 1, 2}, we use the their expressions as in 
the appendix. We evaluate then 


9(>7i,7i; >72,72 4 i^i|> 7 i, 71; >72,72)9 — p, / 7^ 7 ,EqiJi, > 72 , —(1 -I- 9^)71) ( 84 ) 

J 2 ) 

q{Jl, 7 l', >72,72|44|>7i,7i; > 72 , 72)9 = F 7 7 ^ 7 , EqiJl, ^ 2 , (1 + q^)ll) (85) 

9(>7i,7i; >72,72|4^iI>7i,7i; > 72 , 72)9 = >7i ( 86 ) 

9(>7i,7i; •72,724i4|>7i,7i; > 72 , 72)9 = 1-1- i?^>7i. (87) 


'^2,72^^2^2^/1,715'^2,72)9 — j;. / /^ 9 («/l, </ 2 , (1+9)72) 

(88) 

9 (</i, 71 , '/ 2,72 ^2^2 '^l^Tl, '/ 2 , 72)9 — _ . . . x+"9 (</l, -/2, (1 + 9 ) 72 ) 

-^9W1, >^2) 

(89) 

q{Jl,ll', >72,72 44 > 7 l, 71; .72,72)9 = 

(90) 

q{Jl,ll',J 2 , 72 44 > 7 l, 71; > 72 ,72)9 = 1 - 1 - ( 3 '^> 72 . 

(91) 

9 ('/l,71,'/ 2 , 72 ^ 41^2 -ll,71, '/ 2 ,72)9 — j;. / . ^ X+' 9 («/l, «/ 2 , 7 l, 72 ) 

^2) 

(92) 

(*/ '/ ) ^ 

9 ('/i, 71 , '/ 2 , 72 ^ 4;^^2 '/l 7 7 l, J 2 i 72 )q — _ , , , .+"9 («/l, </2, 7 l, 72 ) 

-t/9(,Jl, J2) 

(93) 

9 ('/i, 71 ,'/ 2,72 ^ 2^1 '/I57I,'/ 2 , 72)9 — jy, / ^ ^ x+"9 (</l, </2 , 7 l, 72 ) 

^qWl^ ^2) 

(94) 

("/ '/ ) ^ 

9 ('/i, 71 ,'/ 2 , 72 M ^;^^2 -ll, 7 l, '/ 2 , 72 )g — ^ x+"9 («/l, «/2, 7 l, 72 ) 

-C/9WI, *^2j 

(95) 
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where 


Fq{Jl,J2,ll,l2) X! 

ni ,n:^ 

The expectations values are the following 


[ni],![n 2 ] 9 ! 


(96) 


q{JlTll'i J2,l2\Xl^q\Jl,^l] J2,l2)q — “ ■;T7T~4^ TrTT^TT i^q^Jl, J 2 , “Tl) + Cj (^1 V 2 ,7l) ) 


2(Al + A 2 ) Eq{Jl, J 2 ) 
hy/T^ \fj2 


2(Al + A 2 ) Eq{Jl, J 2 ) 


(F,(Jl, J 2 , - 72 ) + Fqi.h,J 2 ,l 2 )) ; (97) 


j(>7l, 71 ; 'h, 72 1 -^ 2 , 9 1 ^ 1 , 71 ; J 2 ,l 2 )q 


ih-\/ K\ 'J~Ji 

2(Ai + A 2 ) Eq{Jl, J 2 ) 
ihy/ K 2 ^/J2 

2(Ai + A 2 ) Eq{Jl, J 2 ) 


{Fq{Jl, J2, —71) ~ Eq{Jl, J 2 ,Jl)) 


{Fq{Jl, J2, —72) — Eq{Jl,J 2 ,'^ 2 )) 


(98) 


9(<7 i ,7 i ; >72,721 a, 91^1,7 i ; >72,72)9 


i^2\J Ki \/~Ji 

2(Ai + A 2 ) Eq{Jl, J 2 ) 
iXi\/K 2 y/T2 

2(Ai + A 2 ) Eq{Jl, J 2 ) 


{Fq{Jl, J2, — 71 ) ~ Eq{Jl,J 2 ,Jl)) 
{Fq{Jl, J2, —72) — Eq{Jl, 12,^2)) ; 


9(>7i,7i; J2,72|A,9l>7i,7i; J2,72)9 — 7 i? (A(>7 i, >72,- 71 ) “ 7^9(>7i, . 72 , 71 )) 


2(Al + A 2 ) Eq{Jl, J2) 

Ai yXJ 

2(Al + A 2 ) Eq{Jl, J2) 


(F,(Ji, J 2 , - 72 ) - 7^9(>7i, . 72 , 72 )). (99) 


and we have 


j(>7i,7i; >72,72|-^i,9l>7i,7i; > 72 , 72)9 — 


9\>^i, /i,>^2, )'2K'-l,g|>^i, /i,>^2, ('2/9 4^;^^ _|_ 


(1 + (1 + q^)Ji 


( 100 ) 


+ 


>7i 


Eq{Jl, J2) 
tfK2 


(Fq,(Jl, J 2 , — (1 + g^)7l) + Fq{Jl,J 2 , (1 + 9 ^) 71 ))^ 


{l + {l + q^)J 2 


+ 


4(Ai+A2)2 
J 2 

Eq{Jl, J2) 

{JiJ2)i 


(Fq,(Jl, J 2 , —(1 + 9 ^) 72 ) + Fq{Jl,J2, (1 + 9 ^) 72 ))^ 
(Fq(Jl, 72 ,- 71 ,- 72 ) 


2(Ai+A2)2 7;,(Ji,J2) 

+ 7 ^ 9 ( 71 , 72 , 71 , 72 ) + 7^9(>7i, >72,71,- 72 ) + 7^9(>7i, >72,- 71 , 72 )) 
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^2,72|-^2,9l'^li7i; <^2,72)9 — _|_ (“^ “ (1 + 


Eq{Jl, J2) 


{Fg{J,,J2,-il + q^hi) + F,(Ji, J2, (1 + (?") 7 i))) 


+ (F,(Ji, J2, -(1 + q^h 2 ) + F,(Ji, J2, (1 + 9^)72))) 

- 2 (Ai+A 2 )^i?,(Ji,J 2 ) 

+ F,(Ji, J2,7 i, 72) - Fg{Ji,J2,-fl,--f2) - Fg{Ji,J2,-Jl,-f2)) ■ 


(i^q(Jl, J2,-7 i,-72) 


g(>/l,7i; "/2,72|A^,9l'^l)7i; '^2,72)9 — (“^ “ (1 + A)>^1 


Fg{Jl, J2) 


{Fq{Jl, J2, —(1 + 9^)71) + Fq{Jlj J2, (1 + 9^)71))^ 


+ £; J2) '^2, -(1 + A)72) + Fq{Jl, J 2 , (1 + A)72))^ 

^ AiA 2 Vj^l-ftr 2 iJlJ 2 )^ /T 7 fT T _ _ \ 

^ 2(Ai+A2)2 Fg{Ji,J2)^^‘‘^ 

+ Fq(Ji, J2,7 i, 72) - Fg{Ji,J2,-fl,--f2) - -^9(^1, ^2,-71,72)) • 


9(>/i,7i; •/2,72A2^,9l'^l)7i; <^ 2 , 72)9 — ^^^2 (^ + (^ + A)'^l 


Eg{Jl, J2) 

\IK2 

4 (Ai + A 2 )^ 
J 2 ^ 
Eg{Jl, J2) 


{Fq{Jl, J2, —(1 + 9^)71) + Fg{Jl, J2, (1 + 9^)71))^ 


(l + (l+g 2 )J 2 


+ Eg{Zj2) ^ ^ ^ 

^ XiX2y'KiK2 (JiJ2)^ ^77 T _ _ \ 

+ 2(Ai+A2)2 £;,(Ji,J 2) ^ 

+ Fq(Ji, J2,7 i, 72) + Fg(Ji, J2,7 i,- 72) +-F9 (Ji, J 2,-71,72)) • 


Let’s introduce the following functions in order to simplyfier and shorten the expressions 

rj~ 2 /'Y~ r'^i 7^2 

Gcili) = p \ \ {Fg{Ji,J2,ji) + Fg{Ji,J2,-ji)) = p L Ll r AA 1 , cos(7ig^t"^l-^); 
Eq{Ji,J2) Eg{.h,J2) [ni] 9 ![n 2 ] 9 ! 


fl~ 9 _^_ 7^1 7^2 

Gc( 72 ) = p J s {Fg{Ji,J 2 n 2 ) F Fg{Ji,J 2 ,-l 2 )) = P (J t N LI r | ,r A , COs( 72 g^^""^"); 

Eg{Ji,J 2 ) Eg{.h,J 2 ) [ni]9![n2]9! 



15 


Gsili) 


\/Ji 

Eq{Jl, J2) 


iPq{Jl,J 2 , 7 l) — Fq{Jl, J2, —71)) — 


2 iy/Tl ^ J"V"^ 

Eq{Jl,J2) [ni]ql[n2]ql 


sin(7ig2["ili); (106) 


G.(72) = 




Eq{Jl, J2) 


{Fq{Jl, J2,j2) — Fq[Jl, J 2 , —J 2 )) — 


Eq{Jl, J2) 


E 

'^1 ,’^■ 2=0 


J"V"^ 

[ni\q\[n 2 ]q\ 


sin(72g2[”"'''), (107) 


and 


Moreover 


Gqiii) = V^G ,((1 + g 2 )^i); g,( 72 ) = V^G ,((1 + 9^)72). 


G+( 7 i, 72 ) 


0 / T 7 

Zy/JiJ2 J 2 

Eq{Ji,J2) [ni]q![n 2 ]q,! 


cos(7i9^[”i'« + 729 ^^”^'"); 


(108) 


(109) 


G+(7i,72) 


2 i-\/ J 1 J 2 
Eq{Jl, J2) 


E 

■^1 ,'JT' 2=0 


[ni]q\[n 2 ]q\ 


sin(7i9^[”il'' + 729 ^^""'''’); 


( 110 ) 


Gc ( 71 , 72 ) 


o Gr F _28. r"i r "2 
L\J ,J\,J2 ,>2 

Eq{Ji,J2) [ll-l]g-[ll'2]g! 


cos( 7 i 9 ^["^]« 


- 72 g 2 h 2 ],); 


( 111 ) 


Gs ( 71 , 72 ) 


2iy/j^2 ^ Ji^J2^ 
EqiJl,J2) [ni]q![n 2 ]q! 


sin(7i9^["'il‘' - 729 ^^"^'"). 


With respect to equation (1^ . we have 


^^i,q = _|_ ^^^2 (1 + (1 + 9^)'^! + Gqi'^i) - Gc(7i)) 

+ 4(;^^ _|_ ^ 2^2 (^ + (1 + 9^)'^2 + Gq(72) - G^(72)) 

+ 2(a7T^^ (“^)I'(7i, 72) - Gg ( 71 , 72 ) + Gc(7i)Gc(72)) ; 


( 112 ) 


(113) 


^^2,q = 4(^^ _|_ 1^^^2 (1 + (1 + 9^)-^i - Gg(7i) + Gs(7i)) 

+ 4 (^^ _|_ ^^^2 (1 + (1 + 9^)'^2 - Gg(72) + G^(72)) 

+ 2(Xr^^^ ( 71 , 72 ) + G^ ( 71 , 72 ) + Gs( 7 i)Gs( 72 )) ; (114) 


^El,q — ^^^2 (1 + (1 + 9 ^)'^! “ Gq{'-fl) + Gg( 7 l)) 

+ ^^^2 (1 + (1 + 9^)-^2 - Gq(72) + Gg(72)) 

+ 2'(Ai'fS? (G^(7 i,72) - G-( 71 , 72 ) - G,( 7 i)G.( 72 )) ; 


( 115 ) 
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\2 

+ (1 + (1 + <1^)J2 + Gq("f2) - Gc(72)) 

+ ^2{Xi + \^^ ' + - Gc(7i)Gc(72)) • (116) 


In the general case, means 7 ^ 7 ^ 0,i = 1, 2, in order for the equation (157)) to be satisfied for all simultaneous 
measurement, the following inequalities should hold. 


{Ki [2Ji + G,(7 i)] + K 2 [ 2 J 2 + G,(72)] - [G+(7i, 72) + G-(7i,72)] 


/^Ge(7l) - /^Ge(72) 


> 0 ; 


(117) 


{K, [2Ji - G,(7 i)] + K 2 [2.h - G,(72)] - 2^K^K2 [G+(7i, 72) - Gc”( 71 , 72 )] 


+ [/?GG,(7i) +V^G,(72) 


> 0 


(118) 


[2Ji — Gq(7i)] + }^K2 [2J2 — Gq(72)] + 2A1A2\/ K1K2 [G^(7i,72) — G^ (71,72)] 


n 2 


+ X2\/KiGsi^i) — Xi\/K2Gs{"f2) ) ^0 


(119) 


(A^itli [2 Ji + Gg(7i)] + X1K2 [2 J2 + Gq(72)] + 2XiX2\/K1K2 [G^(7i, 72) + G^ (71,72)] 


A 2 V^G,(7i) + Ai/^G,(72) 


n 2 


> 0 


( 120 ) 
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